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Abstract 
A tree is called a tree of T-shape if its degree sequence is(1, 1, 1, 2, 2, ..., 2, 3). In this paper, we 
prove that the complement of the disjoint union of any number copies of a kind of tree of 
T-shape is chromatically unique by studying its adjoint polynomial. 
1. Introduction 
Let Pn and C, denote the path and the cycle on n vertices, and Dn denote the graph 
obtained by identifying a vertex of Ka with one of the vertices of degree 1 of Pn_ 2. Let 
P(G, 2) denote the chromatic polynomial of graph G. If P(H,  2) = P(G, 2) implies that 
H is isomorphic to G, then G is said to be chromatically unique. A tree is called a tree 
of T-shape if its degree sequence is (1, 1, 1, 2, 2, ..., 2, 3). The chromaticity of certain 
trees of T-shape was studied by Liu in I-7]. In this paper, we show that, for any tree 
T of T-shape which satisfies certain conditions and for any positive integer m such 
that m/> 2, the graph mT is chromatically unique. Here (7 stands for the complement 
of G, and mT the disjoint union of m copies of T. 
2. Preliminaries 
We study the chromatic uniqueness of a graph by use of the adjoint polynomial of 
its complement. For notions and results concerning adjoint polynomials, we refer the 
reader to [-4, 3]. 
1 Project Supported by the National Natural Science Foundation of China. 
* Corresponding author 
0012-365X/97/$17.00 Copyright © 1997 Elsevier Science B.V. All rights reserved 
PII S00 1 2-365X(96)00270- 1 
80 Nian-Zu Li et al. / Discrete Mathematics 172 (1997) 79-84 
Definition 1. Let (2)~ = 2(2 - 1)(A - 2) ... (2 - i + 1)(£ >/1). If G is a graph with 
p vertices, and if the chromatic polynomial of G is 
p 
P(G, 2) = ~ ki(2)i, 
i=1  
then the polynomial 
p-1  
h(G,x) = ~. b,(G)x p-i 
i=0  
is called the adjoint polynomial of G, where bi(G) = kp-i (0 <% i <~ p - 1). 
Two graphs G and H are adjointly equivalent if h(G, x) = h(H, x). A graph G is 
adjointly unique if h(H, x) = h(G, x) implies that H is isomorphic to G. It is known that 
a graph is chromatically unique if and only if its complement is adjointly unique. 
Let p(G) and q(G) be the numbers of vertices and edges, respectively, of a graph G, 
and let the adjoint polynomial of G be 
h(G,x) = x p + bl (G)x p- I  + b2(G)x p-2 + ... + bp_l(G)x. 
It was proved in [2] that bl(G) = q(G). 
Lemma 1 (Ru-Ying Liu [4]). I f  G has k components G1, G2 . . . .  , Gk, then 
h(G, x) = h(Gx, x)h(G2, x) ... h(Gk, x). 
Lemma 2 (Ru-Ying Liu [3]). I f  uv ~ E(G), and uv does not belong to any triangle of G, 
then 
h(G, x) = h(G - uv, x) + xh(G - {u, v}, x). 
Lemma 3 (Ru-Ying Liu [5,6]). I f  G is connected and q(G)>1 4, then b2(G)= 
½bl (G)(bl (G) - 3) if and only if G is isomorphic to Cq, Dq, or a tree ofT-shape on q + 1 
vertices, where q = q(G). 
Let T(I1, Iz, 13) be a tree of T-shape in which the distances from the vertex of degree 
3 to the vertices of degree 1 are ll, 12, and 13, respectively. We will write h(ll, 12,13) for 
h(T(l l ,  12,13), x). The shortest path joining a degree 1 vertex to the degree 3 vertex is 
called a branch. 
Lemma 4 (Ru-Ying Liu [7]). (1) h(1, 2,n) = h(K1 uDn+3,x), (n >~ 2); 
(2) h(1, 1,n) = h(K lwCn+z,x) ,  (n >1 3). 
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Definition 2. Let e(G) be the lowest degree of the terms of h(G, x). Then we can write 
h(G, x) = x~t°)hl(G, x), 
where hi(G, x) has a non-zero constant erm. If h~ (G, x) is an irreducible polynomial 
over the rational number field, then G is called an irreducible graph. 
Lemma 5 (Ru-Ying Liu I-7]). Let 1 <<. 11 <.N 12 <<. 13, (11,12) ¢ (1, 1), (11,12) ~: (1, 2). I f  
T(ll, 12,13) is irreducible, then it is adjointly unique. 
Lemma 6 (Ru-Ying Liu [2]). 
h(Pn'X) = k~<.n (  k k ) 
3. Main results and proofs 
In what follows we let c(G) = hi(G,0) and t(G) = c(G)x ~(G). 
Lemma 7. I l k  = 11 + 12 + 13, then 
t(T(l l ,  12, 13)) = 
t 1(Ii12 + Ii13 + 1213 + 2k + 3)x (k+3)/2 
½(ll + 12 + 2)X (k+2)/2 
x(k + 1)/2 
k _~_..._~2 x(k + 2)/2 
if 11,12,13 are odd; 
if 11,12 are odd and 13 is even; 
if 11 is odd and 12,13 are even; 
if ll, 12 and 13 are even. 
Proof. By Lemma 6, we have 
~x n/2 if n is even, 
t(Pn) = [½(n + 1)x (n+l)/2 if n is odd. 
Let u be the vertex of degree 3 of T(ll, 12,13), and v be the neighbour ofu on the branch 
of length ll. By Lemmas 1 and 2, we get 
h(ll, 12,13) = h(Ph)h(Pt2+~3+ 1) + xh(Ph- 1)h(Pz~)h(Pt3). 
The result follows by using Lemma 6. 
Lemma 8 (Bo-Xun Zhou 1-8]). Let f(x) = ao xn + a lx  n-1 + ... + an be a real coeffi- 
cient polynomial with ao > O. I f  ak is the first negative coefficient from left to right and 
b is the largest absolute value of all negative coefficients, then an upper bound for the 
positive roots off(x) is 1 + kx/~/ao. 
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Lemma 9. Let T = T(I1,12,13). Suppose that k = 11 + 12 + la is odd or 11,12 and l 3 are 
all even. Then, for any integers m(>~ 2) and n(>/0), we have 
(1) There exists no tree H of T-shape such that nK1uH is adjointly equivalent 
to roT. 
(2) There exists no C, or D, such that nK1 w C, or nK1 u D, is adjointly equivalent 
to roT. 
Proof.(1) Let H= T(tl, t2, t3) be a tree of T-shape such that h(nKiuH,  x)= 
h(mT, x). By Lemma 1, we obtain xnh(H,x)=h(mT, x), and n+mk + l = 
m(k + 1) = p(mT). Thus p(H) =mk + 1 and n = m-  1. 
Case 1. 11,12,13 are all odd. By Lemma 7, we have 
c( r )>t¼( lx l  + lx (k -2 )+ lx (k -2 )+2k+3)=k.  
Consequently, 
c(mr) >t km. 
Case 1.1. If m is even, so is tl + t2 + t3. Using Lemma 7 again, we get 
c(H) <~ ½(tl + t2 + t3 + 2) =½ink + 1. 
This is impossible since k >~ 3, m >~ 2 and k" > ½ink + 1. 
Case 1.2. If  m is odd, then tx + t2 + t3 =mk is odd. 
c(H) ~ ½(t~ t2 + tl t3 + t2t3 q- 2mk + 3) ~< 1 1 m2k 2 (~ + 2ink + 3). 
Consider the polynomial f (k)  = 4k m - ~m 2 k 2 - 2ink - 3. If m = 3 or 5, then it can be 
verified directly by Lemma 8 that all roots off(k) are less than 3 andf(k)  > 0 for k/> 3. 
If m >/7, then lm2 > 2m, and the roots of f (k)  have an upper bound 
1 + m-~T/12 .  
It is not difficult to prove that the above expression is less than 3 and, therefore, 
f(k) > 0 for k/> 3. 
In both cases, for k ~> 3, we have 
c(mT) ~ k m >t ... >~ c(H), 
which contradicts the assertion that h(nK~wH, x) = h(mT, x). 
Case 2. One of 11, 12 and 13 is odd and the others are even. We see by Lemma 7 that 
c(mT) = c(T) = 1, c~(T) = ½(k + 1) and c~(mT) = ½m(k + 1). 
Case 2.1. If m is even, then tl + t2 + t3 = mk is even and, by Lemma 7, c(H) ./: 1, 
a contradiction. 
Case 2.2. If m is odd, then c(H) = 1 only if exactly one of tl, t2 and t3 is odd. 
Thus e (H)=½(mk+l )  and ~(nK1uH)=n+½(mk+l )=m- l+½(mk+l )= 
½(m(k + 2) -1 ) .  This is impossible since e(nK~ uH)  = co(roT) implies that m = 1. 
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Case 3. Assuming l,, 12 and 13 are  all even integers, we have 
c(T) = ½(k + 2), 
7, 
c(H)  <~ l ( t  1 -'1- t 2 q- t 3 -t- 2) = ½(ink + 2). 
This is impossible, as one can show by induction on m that 
- -  >½(mk+2) ,  (m>/2) .  
(2) This follows from Lemma 4 and (1) of this lemma. 
Lemma 10. Let 
f l (x )  = x"  + a ,x  ~-1  + a2x  ~-2  + .. .  
f2 (x )  = X m + bl xra-1 + b2x  m-2 + ... 
f (x)  =f , (x) f2(x)  = x m+" + C,X "+"-* + C2 Xm+n-2 "}- " " .  
l f  az  = ½a, (a ,  - 3) and b~ = ½b, (b ,  - 3), then  c2 = ½Cx(q  - 3). 
Proof. The lemma can be directly verified. 
Theorem. Suppose k = 11 + 12 + 13 is odd or ll, 12 and 13 are all even. I f ( l , ,  15) ~ (1, 1), 
(11,12) :~ (1,2), and T = T(lx,12,13) is irreducible, then for any inteoer m >>. 2, rnT is 
adjointly unique. 
Proof. Let H = sK,  uH,  wH2 w ... wH,  be a graph such that h(H,x )= h(mT, x), 
where H,,/-/2 . . . . .  H, are non-trivial components of H. Then 
xrh, (H1, x)hl(H2, x) . . .  h , (H ,  x) = xr'(h, (T, x)) m, (*) 
where r = s + Y~I=I e(Hi), rl = me(T) .  Since hl (T ,x)  is irreducible over the rational 
number field, by the Unique Factorization Theorem, there exists a nonnegative 
integer mi for each i = 1, 2, ..., t such that 
t 
h, (n i ,x )  = (hl(T,x)) =' = hl(miT, x) and Y',ml = m. 
i=1  
Let bl be the second coefficient of hi (mi T, x). By Lemma 10 and induction, the third 
coefficient b2 is equal to ½ bl (bl - 3). Thus the coefficients of each hi(Hi, x) have the 
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same property. Note that (/1,/2) ~ (1, 1), (1, 2) and q(T)  > 4. Hence by Lemma 3, Hi is 
C~, Dq or a tree of T-shape on q + 1 vertices, where q = q(H~). By Lemma 9 we have 
mi = 1 (i = 1, 2 . . . . .  t). Now Lemmas 4 and 5 together give that H~ is a tree of T-shape. 
That means Hi ~ T by Lemma 5. 
Comparing the second coefficients of both sides of (*), we have t = m, and more- 
over, s = 0 by comparing the degrees of both sides of (*). Thus 
H,.~mT. 
The proof  is complete. 
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